It has been claimed by some authors that the spacelike nature of past infinity of de Sitter spacetime invalidates the covariant retarded Green's functions in electromagnetism and linearized gravity in de Sitter spacetime (see, e.g. Ref. [2] ). As was pointed out in Ref. [1] , in a spacetime with spacelike past infinity, such as de Sitter spacetime, one needs to take into account the contribution from the initial data on past infinity, which are necessarily nonzero if the charge density does not vanish there [3, 4] , when calculating the field configuration using the retarded Green's function. This issue does not arise in Minkowski spacetime, and that is why some authors consider only the contribution from the charge and erroneously conclude that the retarded Green's function does not work in de Sitter spacetime.
In Ref. [1] one example for showing how the retarded Green's function should be used in de Sitter spacetime was the electromagnetic field produced by two charges with opposite signs placed at antipodal points. This example was studied in the Feynman gauge. The purpose of this paper is to extend this example by using the covariant gauge with an arbitrary value of the gauge parameter.
We consider the free electromagnetic field described by the Lagrangian
where g is the determinant of the background de Sitter metric and where
Let J a (x) be a current coupled to the electromagnetic potential A a (x) and let Σ be a Cauchy surface. Then, as was explained in Ref. [1] , the field A a in the future domain of dependence of Σ, denoted D + (Σ), is given in terms of the retarded Green's function 
with
As in Ref. [1] we call the fields A a (x) the source field and initial field, respectively. In de Sitter spacetime the initial field with past infinity adopted as Σ is crucial in reproducing the field in terms of the retarded Green's function. This fact was overlooked in the erroneous claim that the retarded Green's function in the covariant gauge is invalid in de Sitter spacetime.
The metric of de Sitter spacetime that covers the whole spacetime is
where |τ | < π/2 and 0 ≤ χ ≤ π, and where dΩ 2 is the metric on the unit 2-sphere (S 2 ). The electromagnetic field from charges q at the North Pole (χ = 0) and −q at the South Pole (χ = π) can be
In Ref. [1] this field was reproduced using Eq. (2) from the initial data on past infinity and the current J a (x) corresponding to the charges at the North and South Poles in the Feynman gauge (ζ = 1).
We first consider the source field due to a charge q at the North Pole. The causal future of the North Pole, with the condition τ > χ − π/2, can be covered by the coordinates (λ, r) (and the angular coordinates on S 2 ) given by
The metric in these coordinates is
The conformal time λ decreases toward the future from ∞ to 0. The North Pole is at r = 0. The electromagnetic potential given by Eqs. (8) and (9) in this coordinate system is
Following Ref.
[5], we define for spacelike separated points x and x
where µ(x, x ′ ) is the geodesic distance between x and x ′ . With the notation x = (λ, x),
This formula allows one to extend the variable z to the cases where x and x ′ are not spacelike separated. One can readily find the Feynman propagator for the electromagnetic potential using the method of Allen and Jacobson [5] as
where
(Since ∇ a∆ = ∇ a z∂∆/∂z, we only need the z-derivative of∆.) The retarded Green's function is found as the discontinuity across the cuts from z = −∞ to z = −1 and from z = 1 to z = ∞ on the complex z-plane (see, e.g. Eq. (4.10) of Ref. [1] ) as
is the retarded Green's function in the Feynman gauge [1, 5] and
The bi-vector g ab ′ (x, x ′ ) [5] is expressed as [1] 
(23) If points x and x ′ are spacelike separated, then the bivector g ab ′ is the parallel propagator along the geodesic between these points. Now, we use the retarded Green's function (19) to find the source field A (S) (x) given by Eq. (3) due the charge q at the North Pole r = 0. We let the charge be present only for λ < λ 0 and let λ 0 → ∞ at the end. The contribution from G 
we havẽ
We find that the only non-vanishing component is
Next, we calculate the initial field using the coordi-nates covering the causal past of the North Pole with the condition τ < π/2 − χ. Note that its past boundary is past infinity τ = −π/2. This part of the spacetime is covered by the coordinates (λ,r) defined by
The equalities relating (λ,r) and (λ, r) are valid only in the overlapping region with χ − π/2 < τ < π/2 − χ. The metric in coordinates (λ,r) is given by Eq. (12) with λ and r replaced byλ andr, respectively. (The North Pole is again atr = 0.) The conformal timeλ increases from 0 to ∞, and the surfaceλ = 0 is past infinity. In finding the initial field, we let the initial surface Σ be thê λ =λ ′ (= const) surface and letλ ′ → 0 at the end. The field given by Eqs. (8) and (9) is expressed in coordinates (λ,r) on the initial surfaceλ =λ ′ (withr =r ′ ) as
with the angular components vanishing (see Eqs. 
Thus, the second term in Eq. (4) is ζ-independent. This implies that the additional contribution to the initial field isÃ
The field π
is defined by Eq. (5). The additional contribution to the initial field in the causal past of the North Pole thus obtained is
